We consider an original variational approach for building new models of quintessence interacting with dark or baryonic matter. The coupling is introduced at the Lagrangian level using a variational formulation for relativistic fluids, where the interacting term generally depends on both the dynamical degrees of freedom of the theory and their spacetime derivatives. After deriving the field equations from the action, we consider applications in the context of cosmology. Two simple models are studied using dynamical system techniques showing the interesting phenomenology arising in this framework. We find that these models contain dark energy dominated late time attractors with early time matter dominated epochs and also obtain a possible dynamical crossing of the phantom barrier. The formulation and results presented here complete and expand the analysis exposed in the first part of this work, where only algebraic couplings, without spacetime derivatives, were considered.
The aim of the present work is to expand and complete the analysis performed in [1] , which hereafter will be referred to as Part I of this study. In Part I new models of interacting dark energy have been introduced starting from a variational approach. Defining a consistent variational set up for interacting dark energy models is an important issue not only for exploring new physical models in late time cosmology, but also for producing new theoretical mechanisms responsible for the phenomenology of such interactions. From the observational perspective a coupling between dark energy and dark matter might give rise to some effects which could be detected in forthcoming surveys. In fact, although non-interacting dark energy models can still accommodate the observations [2] , such interaction is mildly favoured by the data [3] , and can even alleviate some tensions present in the comparison of different datasets [4] . For these reasons the theoretical development of interacting dark energy models should proceed to both drive future observations toward possible detectable features and to justify all the phenomenological models considered so far in the literature; see e.g. [5] and references therein.
The particular advantage arising from a variational formulation consists in generating fully covariant equations of motion, which can then be applied to cosmology at both the background and the perturbation level. It is a well known problem to understand how to promote the phenomenological background equations of interacting dark energy to their covariant counterparts, and a satisfactory solution is still missing [6] . In fact, it will always be possible to construct two covariant theories which are equivalent at the background level but will have different perturbations. This is due to the non-linearity of the Einstein field equations in general. Hence, there is a strong motivation to construct models at the level of the action.
A variational approach, such as the one advanced in Part I, permits to solve this problem by automatically producing the desired field equations. In Part I a canonical scalar field describing dark energy, namely quintessence, has been coupled to a barotropic fluid at the Lagrangian level; see also [7] for similar ideas. The Lagrangian description of a relativistic fluid that has been used in Part I, and which will also be employed here, is the one outlined by Brown in [8] . In what follows we will not review the features of this formulation but refer the reader to Part I. All details and the thermodynamics are thoroughly discussed in Brown's original paper.
The main issue developed and studied in this Part II, is the possibility of directly coupling the 4-velocity U µ of a relativistic matter fluid to a scalar field φ. The simplest way of mixing U µ and φ in an interacting Lagrangian is through the scalar U µ ∂ µ φ which inevitably involves the use of a spacetime derivative. In Part I we considered only algebraic couplings between the scalar field and the fluid's degrees of freedom where no spacetime derivatives are allowed. This in particular implies that the coupling U µ ∂ µ φ falls beyond the interacting quintessence models introduced and investigated there. The scope of this Part II is exactly to complete the analysis of Part I by studying derivative couplings, i.e. coupling where spacetime derivatives are allowed.
The paper is organized as follows. In Sec. II we will introduce the Lagrangian of a scalar field interacting with a relativistic perfect fluid through a derivative coupling. Brown's formulation will be employed to define and treat the coupling terms which will be assumed to depend on as few spacetime derivatives as possible in alignment with the effective field theory approach. In Sec. III we will then focus on cosmological applications, finding first the relevant equations governing the evolution of the universe at large scales, and then analysing them with dynamical systems techniques. Finally in Sec. IV we will discuss the results obtained, highlighting the differences between the algebraic couplings of Part I and the derivative couplings of Part II. In Sec. IV we will also draw conclusions and speculate on possible future works.
Notation and conventions: Unless otherwise specified we will assume standard general relativistic notation with the metric convention (−1, 1, 1, 1) and Greek indices running from 0 to 3. Sometimes the comma notation for partial derivatives will be used: for example φ ,µ = ∂ µ φ. Units where c = = 1 will be employed together with the definitions
II. RELATIVISTIC FLUID INTERACTING WITH A SCALAR FIELD: DERIVATIVE COUPLING
In this section we generalize the algebraic couplings considered in the first part of this work [1] by allowing also terms depending on the scalar field's first derivative ∂ µ φ to interact with the fluid's degrees of freedom. In analogy to the effective field theory approach, we will only consider couplings with as few spacetime derivatives as possible. Moreover, we will not consider non-canonical couplings to the scalar field's kinetic term as this is beyond the scope of the present work. However, it would be a possible further extensions of our variational approach to also discuss such models.
A. Lagrangian formulation and field equations
The total action of our interacting dark energy system is [1] 
where the gravitational sector L grav is given by the standard Einstein-Hilbert Lagrangian
with R being the curvature scalar with respect to the metric g µν and g its determinant. The Lagrangian of the scalar field is assumed to be in the canonical form
where V is an arbitrary potential depending on φ. Using Brown's formulation [1, 8] the Lagrangian for the relativistic fluid L M can be written as
where ρ is the energy density of the fluid prescribed as a function of n, the particle number density, and s, the entropy density per particle. The fields ϕ, θ and β A are all Lagrange multipliers with A taking the values 1, 2, 3 and α A are the Lagrangian coordinates of the fluid. The vector-density particle number flux J µ is related to n as
where U µ is the fluid 4-velocity satisfiyng U µ U µ = −1. For further details regarding Brown's Lagrangian formalism for relativistic fluids we refer to [8] .
Considering the dynamical degrees of freedom of the above Lagrangian, we note that the only two possible scalar coupling terms (up to total derivatives) that can be constructed containing only first order derivatives of the scalar field φ are ∂φ 2 = g µν ∂ µ φ∂ ν φ and J µ ∂ µ φ. The first possibility is nothing but the usual kinetic term for the scalar field, while the second one is a new coupling term that can only be considered within the fluid Lagrangian formalism treated in this work. In particular we will only study a linear coupling to J µ ∂ µ φ leaving higher order couplings aside at present. Note that within an effective field theory framework such higher order terms would naturally be neglected at first order. Therefore, the coupling term we will study in what follows is
where f is an arbitrary function. This is the most general coupling term where only one spacetime derivative appears. The variations of (1) with respect to the Lagrange multipliers ϕ, θ, β A and Lagrangian coordinates of the fluid α
A
give the equations
which are not modified by the coupling with the scalar field; see [1, 8] . Eqs. (7) and (8) stand for the particle number conservation constraint and the entropy exchange constraint, respectively. These can be rewritten as
where ∇ µ is the covariant derivative with respect to g µν . Eqs. (9) and (10) determine the dynamics of the Lagrange multipliers but are not needed for our scopes and will not be considered further in what follows; see [8] for more information about their physical meaning. The variations with respect to J µ and s yield, respectively
where the chemical potential µ and temperature T are defined by
Eqs. (12) and (13) show how the four-velocity fluid decomposition and the temperature of the fluid depend also on the scalar field φ due to the non-vanishing interaction. Similar equations are found also for the algebraic couplings considered in Part I. They modify the thermodynamics properties of the fluid reflecting the fact that an interaction with the scalar fields is now at play. Variation of (1) with respect to g µν give the following Einstein field equations
where
with the fluid pressure defined as
Interestingly, now the energy-momentum tensor of the interaction is orthogonal to the fluid flow, U µ T (int) µν = 0 and it can be rewritten in a perfect fluid form
with vanishing energy density and pressure given by ρ int = 0 and
The scalar field equation, obtained from the variation of (1) with respect to φ, is
Note that whenever f does not depend on the particle number density n the interaction term does not give any contribution to the equations of motion since T (int) µν vanishes and Eq. (22) reduces to the uncoupled Klein-Gordon equation. This is expected since in this case conditions (7) and (8) would constrain the interacting term (6) to become a total derivative and thus a boundary term. Note also that the interaction contributes always in the form n 2 ∂f /∂n which does not depend on n if one chooses f ∝ 1/n. This case is particularly interesting since such a coupling would correspond to L int = √ −gW (φ)U µ ∂ µ φ with W (φ) being a general function of φ (ignoring the dependence on s). Its cosmological consequences will be studied in detail in Sec. III.
Intuitively, this result is not surprising. Our coupling is based on the idea of allowing an exchange of energy between the scalar field and the matter via the particle number density n of that matter. Removing this dependence from the interaction Lagrangian corresponds to closing this channel of energy transfer, which, given that the fluid 4-velocity is conserved, is precisely why (6) becomes a boundary term in that case.
The original gravitational field equations that have been derived in this section, namely Eqs. (15) and (22), represent a completely new way to couple a relativistic perfect fluid to a scalar fields. Even when compared to the interacting equations obtained in [1] , one can realize that these equations not only take into account the coupling between φ, n and s, but heavily depend also on the fluid 4-velocity. These equations can be used to build new models of interacting quintessence (and coupled inflation) possibly leading to unexplored phenomenological and theoretical issues.
B. Conservation equations
In the following we will briefly discuss how our formalism compares with the standard approach of introducing couplings at the level of the field equations. One can rewrite the coupled field equations above in the more familiar form
which is commonly used to couple two matter components in general relativity. For this purpose we define a new energy-momentum tensor for the fluid asT µν = T µν + T (int) µν with the energy densityρ = ρ + ρ int and pressurẽ p = p + p int . The Einstein field equations (15) then become
resembling the first of Eqs. (23). Using the Klein-Gordon equation (22) and the energy-momentum tensor (17), the conservation equation for the scalar field can be written as
which shows that the scalar field is not conserved due to the interaction with the fluid. To prove that also the fluid energy-momentum is not conserved, it is better to split its conservation equation into the parallel and perpendicular components to the fluid flow:
where h µν is defined by
Then using Eqs. (7)- (10) and Eq. (12) one can show that (see the next subsection)
which inserted back into Eq. (26) gives
This shows that the interacting approach developed in the present paper can be mapped back into the standard relativistic coupling between two matter components as given by Eqs. (23) with an exchange vector Q µ defined in Eqs. (25) and (29). Note however that the pressure of the coupled fluidp now differs from the uncoupled matter pressure p in as much as it depends also on the scalar field through the interacting term. For example, for a pressureless fluid, where p = 0, in generalp = 0. Note also that for the derivative coupling considered here, the energy density of the coupled and uncoupled matter fluids coincide, namely ρ =ρ since ρ int = 0. For the covariant conservations of the "bare" T µν one instead finds
where square brackets denotes anti-symmetrisation. This implies in particular that the "bare" matter energymomentum tensor is not conserved in the presence of the coupling with the scalar field
This is not unexpected since the Einstein field equations imply the conservation of the total energy-momentum tensor only. Any additional conservation equations need to be imposed separately.
C. Derivation of the conservation equations
The derivations of Eqs. (28) and (30) are slightly involved and we show some details here. These calculations are similar to the ones appearing in the Appendix of [1] . Recalling that U µ ∇ ν U µ = 0 and using Eqs. (11), we have
in agreement with the first of Eqs. (28). Note that if we consider T µν instead ofT µν in the passages above, we obtain
proving the first of Eqs. (30). For the second of Eqs. (28) we have
For the first term we can use the relation (see the appendix of [1] )
which gives
Then making use of Eq. (12) we obtain
where to go from line (41) to (42) we used the fact that covariant derivatives commute on any scalar and we applied Eqs. (7)- (10); while the passage from line (42) to (43) requires long but standard algebraic manipulations together with the use of Eqs. (11) . This proves the second of Eqs. (28). Note that if the same calculations (38)-(41) are applied to T µν one immediately finds
in agreement with the second of Eqs. (30).
III. COSMOLOGY
In this section we study cosmological applications of the theoretical framework outlined in the previous section. We will first derive the background equations and then rewrite them in the form of a dynamical system. Subsequently, employing dynamical systems techniques, we will study the universe evolution given by two particular interacting models defined within our approach.
A. Cosmological equations
We will now assume a flat Friedmann-Robertson-Walker (FRW) metric
where a(t) is the cosmological scale factor and (t, x, y, z) are comoving Cartesian coordinates. We will also assume that all the dynamical quantities are homogeneous, i.e. they depend only on the cosmological time t. In particular we will have that φ, ρ, n, s will be functions of t only. Moreover taking into account comoving coordinates the perfect fluid 4-velocity becomes simply U µ = (−1, 0, 0, 0). We can then derive the following cosmological equations from the Einstein equations (15)
where H =ȧ/a is the Hubble rate and the over-dot denotes differentiation with respect to t. The scalar field equation is insteadφ
and is obtained from (22). We will work with the standard exponential potential V = V 0 exp(−λκφ), leaving the analysis for different potentials to future work. We can immediately notice that the Friedmann equation (47) is not modified by the interacting term. This happens because the time-time component of (18) vanishes for the background FRW metric, or equivalently because T (int) µν is orthogonal to the fluid flow as pointed out for Eq. (18). In a cosmological framework we will always have that Eqs. (11) give the constraintṡ n + 3Hn = 0 andṡ = 0 .
These equations tells us that the entropy density per particle is conserved through the universe's evolution, while the particle density decays according to
which is expected from geometrical considerations. The two dynamical quantities ultimately appearing in Eqs. (47)- (49) are thus φ(t) and a(t) only.
B. Cosmological dynamics
In this section we will examine the dynamics of a universe described by the cosmological equations (47)-(49) using dynamical systems techniques. We begin by introducing the canonical dimensionless variables [9, 10] 
which give us the Friedman constraint
Using these we can rewrite the cosmological equations as the dynamical system
The quantity A is defined by
Hence the dynamical system is not closed until one specifies the form of the function f . For particular choices of f we can rewrite A as a function of the two dimensionless variables x and y. These special models do not increase the dimensions of the dynamical system which remains 2-dimensional. In general, however, if A cannot be written in terms of x and y only, the dimension of the phase space will increase. This does not hinder the use of dynamical system techniques, however, visualising the phase space might become more involved. An example is a coupling of the form f = −f 0 exp(γκφ)/n with γ a dimensionless constant. In this case A = −κf 0 exp(γκφ)/H which cannot be expressed in terms of x and y only. In the following we will consider one 2 dimensional and one 3 dimensional model, with two choices for f as displayed in Tab. I, where α, γ and ξ are dimensionless constants, with γ algebraically related to ξ by These models are studied using the standard approach of dynamical systems analysis. The critical points of the respective models will be found, their corresponding eigenvalues will be computed, and these results will be interpreted within the context of cosmology. When possible the phase space of the dynamical system will be drawn together with few trajectories numerically computed for particular choices of the model parameters.
Model A: 2D dynamical system
In this subsection we analyse model A of the dynamical system (54)-(55). This corresponds to choosing the function f to be
In this case the dynamical system remains two dimensional, as A can be written in term of x and y as
with ξ a constant parameter. The Friedmann equations can be rewritten to give the acceleration equatioṅ
which means we can define the effective equation of state (EoS)
Critical points correspond to solving the system
For general values of α finding critical points is difficult, and the system becomes singular unless α lies in the range 0 ≤ α ≤ 1/2, so in the following we will examine some specific choices of α lying in this range. The simplest such choice is α = 1/2. This corresponds to choose f = −ξ √ V /(3n), meaning A = ξy. The background dynamics of this model corresponds to the one of a particular k-essence scalar field analysed in [10] . The phenomenology at cosmological distances is quite interesting and includes late time phantom dominated solutions with dynamical crossing of the phantom barrier. Moreover while the model considered in [10] always exhibits instabilities at the level of cosmological perturbations, the one constructed with the formalism of this work could be stable since the dynamics at the level of perturbations will be completely different. A more in depth discussion on such model, namely for the choice f = −ξ √ V /(3n), will be given in Sec. IV. In the remainder of this section we will examine the case α = 0. We set w = 0 for simplicity, since other values of w are not relevant for dark matter interacting models. The critical points of the dynamical system are displayed in Tab. II.
Properties of these critical points, including existence and stability can be found in Table III . The system has potentially up to four critical points depending on the values of the parameters λ and ξ: • Point A ± . These two points exist for all λ and ξ. They are the standard solutions dominated by the scalar field kinetic energy, with effective equation of state of a stiff fluid w eff = 1. These points are either unstable or saddle points depending on whether the absolute value of λ is less than √ 6.
• Point C. This point corresponds to a universe completely dominated by a scalar field. It exists only for λ 2 < 6. It is stable when ξ 2 < 2(3 − λ 2 ), and a saddle node otherwise. The point describes an accelerating universe when the scalar potential is sufficiently flat, requiring λ 2 < 2.
• Point D. In the limit ξ → 0 this point reduces to the origin. The energy density of this point is dominated both by the matter and the kinetic energy of the scalar field, with no scalar field potential energy density contribution. It is the stable late time attractor only for negative ξ satisfying λξ < − 3 . The effective EoS is w eff = 0, the same as a matter dominated solution, however it should be noted that for general w it is not a scaling solution, generally w eff = 3w/(3 + 2ξ
2 ).
Point Existence w eff Acceleration Stability
Saddle node: otherwise
Saddle node: otherwise The phase space for this two dimensional model is simply the upper half unit disc. We show the phase space diagrams with example trajectories in Fig. 1, Fig. 2 and Fig. 3 . The region of acceleration is indicated by the grey region. The shape of this region of acceleration is dependent only on ξ, and is independent of the parameter λ. In Fig. 1 we make the parameter choice λ = 4 and ξ = −1. Trajectories begin at the stiff matter point A − . Many trajectories then undergo a short transient accelerating phase, before then decelerating, with some trajectories being drawn towards the saddle point A + . Finally the late time attractor D is reached, which has a matter equation of state.
In Fig. 2 we choose λ = 2 and ξ = +1. Trajectories now start at either of the stiff matter points A + or A − . Trajectories are then drawn towards the saddle matter dominated point D. Trajectories are then attracted upwards, passing through the region of acceleration. They are then finally attracted towards the global attractor C, which is not accelerating for this choice of parameter values.
In Fig. 3 the parameter values λ = 1 and ξ = −3/2 are chosen. Again trajectories begin at the stiff matter points A + and A − before passing through the matter dominated saddle point D. Trajectories then enter the region of acceleration and end at the late time global attractor C, which in this case is accelerating as the scalar potential is sufficiently flat.
These models are able to accurately describe late time universe phenomenology, there are many parameter choices which result in a global accelerating attractor. They can also describe universes undergoing transient periods of acceleration. However as is typical in these models it breaks down at early times, as it begins at the stiff matter point A − , whose effective EoS w eff = 1 is not physically viable.
There are a few key difference with these models compared to that of the case of the canonical scalar field, which we recover by taking the limit ξ → 0. There is no longer a scaling solution in this model, however the origin O is deformed into the point D which behaves as though the universe is matter dominated. Moreover, unlike the origin O this points D can be stable for a variety of parameter choices. 
Model B: 3D dynamical system
In this section we consider model B of the dynamical system (54)- (55) where we take the coupling function f to simply be proportional to 1/n, as outlined in Tab. I. In particular we take
where ξ is a constant and H 0 is the Hubble parameter at an arbitrary fixed time. The function A is now simply
The resulting dynamical system is no longer two dimensional, in which case we need to introduce a third variable, see for instance [11] . We take this to be
which is compact and lies in the range 0 ≤ z < 1. The resulting dynamical system is given by
The Friedman equations can again be rearranged to give the acceleration equation in terms of these new variables x, y and z. This time for the acceleration equation we finḋ
Hence in this model w eff is given by
The variable z was chosen so that the phase space of the system is compact, this time the phase space will be a semi-cylinder of unit height. The dynamical system has a singularity on the plane z = 1, which corresponds to the Hubble parameter H → 0, i.e. when a → ∞, usually happening at t → ∞ . However, none of the critical points of the system lie on this plane. We display the critical points for the system in Tab IV. The stability of the critical points is shown in Tab. V. The system has at most seven critical points at any one time. The points O, A ± , B and C lie on the z = 0 plane and have exactly the same coordinates as the canonical scalar field [9] . Moreover, the existence and acceleration properties of these points remain the same as the canonical case. This happens exactly because the contribution of the interaction vanishes for z = 0, as can be realised looking at Eqs. (66)-(70). However, none of these points can now be stable, the z = 0 plane is unstable in general and trajectories starting on this plane will not stay there. There are three new critical points in this model, given by:
• Point D This point exists only for ξ > 0. At this point the energy density of the universe is dominated by the scalar field potential energy, with zero matter and scalar field kinetic energy contributions. When this point exists, it is always the late time global attractor. Moreover it has an effective EoS w eff = −1, hence acceleration is present and the behaviour of the cosmological constant is mimicked.
• Point E − This point only exists for ξ > 0. The energy density of the universe at this point is dominated by the kinetic energy of the scalar field, with no potential or matter contributions. When this point exists it is the unique late time attractor. It also has the effective EoS w eff = −1.
• Point E + This point is similar to E − , except it only exists for ξ < 0. It is also dominated by the scalar field kinetic energy, and has effective EoS w eff = −1. However unlike E − , this point is always a saddle point and is unstable in general.
Point Existence
Stable spiral: The global dynamics of these models are particularly simple to analyse. The late time global attractor is either D, in the case ξ > 0, or E + , in the case ξ < 0. Moreover both of these late time global attractors have effective EoS w eff = −1. Trajectories begin on the z = 0 plane, and while they remain on this plane the trajectories behave as in the case of the canonical scalar field. This plane is generically unstable and the trajectories eventually leave this plane and arrive at the late time attractor.
Phase spaces for a couple of parameter choices with example trajectories are plotted in Fig. 4 and Fig. 5 . In  Fig. 4 , the parameter values λ = 2, ξ = −1 are chosen. Trajectories start at the stiff matter points A ± , before being attracted towards one of the three saddles O, B or C on the z = 0 plane. All trajectories then end at the late time accelerating global attractor E + . There is a particular (heteroclinic) trajectory of interest that passes through the matter dominated point O before ending at the accelerating point E + . Ignoring the theoretical issues at early times, this trajectory would mirror the dynamics of a universe with no scalar field potential but still with a cosmological constant late time behaviour.
In Fig. 5 the parameter values are set to be λ = 2 and ξ = +1. Trajectories start at the stiff matter points A ± , and are then attracted towards the saddle points on the plane z = 0. The trajectories then leave the plane, with some attracted towards the saddle point E − . All trajectories end up at the late time accelerating attractor D.
These models are able to accurately describe late time universe phenomenology. All trajectories end at accelerating critical points with effective equation of state w eff = −1. In this scenario the dynamics of the universe would mirror that of a universe with no scalar field but with a cosmological constant and thus these models could represent a solution to the cosmological constant problem. 
IV. DISCUSSION AND CONCLUSION
The main motivation of this paper was the continuation of the approach outlined in Part I by taking into account derivative couplings between a scalar field and a barotropic fluid within a variational formulation. In particular, we were interested in couplings linear in the first partial derivative of the scalar field. The general expression for such a coupling can be written in the form f (n, s, φ)J µ ∂ µ φ and can only be treated with the methods previously developed in Part I. The presence of the term J µ ∂ µ φ requires a separate treatment from that in Part I since the effects given by the appearance of the scalar field derivative will in general produce a different phenomenology. As an example we recall the fact that the energy-momentum (18), arising from the interacting contribution, is always orthogonal to the fluid 4-velocity, namely U µ T (int) µν = 0. This is particularly relevant for cosmological applications since it implies that at the background level the Friedmann equation is never modified by the interaction between the fluid and the scalar field. This is in contrast to the algebraic couplings considered in Part I where this always happens.
In Sec. III we have thus studied some of the cosmological consequences obtained from these models, employing in particular dynamical systems techniques. One would expect that a derivative coupling would complicate the subsequent dynamical systems formulation. However, it turns out that the derivative models studied here are somewhat easier to handle than models based on the algebraic coupling f (n, s, φ) considered in Part I. In particular we have considered two types of derivative couplings, labelling them as Models A and B according to Tab. I. The background cosmological evolution of Model A has been characterized by a 2D dynamical system, while the one of Model B required the analysis of a 3D dynamical system. For both models we found late time accelerating attractors, capable of describing the present dark energy dominated epoch, and possible intermediate phases of dark matter domination.
For Model A the specific case corresponding to the parameter α = 0 has been studied in depth. We found that a dark matter to dark energy transition can be obtained for some values of the model parameters and is always described by the (heteroclinic) trajectories connecting Point D to Point C as depicted in Fig. 3 . Note that, as mentioned before, Point D describes a scaling solution only when w = 0, i.e. when the fluid describes (dark) matter. For a different matter EoS one finds w eff = w, implying that modifications to the standard cosmological evolution might arise if radiation is added into the analysis.
Another simple case of Model A is achieved by the choice α = 1/2. As mentioned above the resulting background cosmological equations corresponding to this choice match the one arising from a particular k-essence model studied in [10] . Since the dynamical analysis of the α = 1/2 case has already been performed in detail in [10] , it has not been considered in the present work. However we briefly recall here some of the features and results derived in [10] which arise as well in the background cosmological dynamics of Model A with α = 1/2. The phenomenology found in this case is highly rich with different cosmological behaviours that cannot be obtained with a non-interacting canonical scalar field. At late times it is possible to obtain phantom domination (w eff < −1) with dynamical crossing of the phantom barrier, while at early times super-stiff (w eff > 1) solutions can be attained. Theoretical models predicting a dynamical crossing of the phantom barrier are important to investigate in the eventuality that future surveys will detect (with statistical significance) a dark energy EoS within the phantom regime. Models of such kind obtained within the k-essence framework, such as the one considered in [10] , suffer from instabilities at the level of perturbations [12] . Nevertheless if the same phantom crossing evolution is not realized by a k-essence model, as in the case of Model A, then the cosmological perturbations might be stable. This is because, although the background equations coincides, one expects differences in the perturbation equations between Model A with α = 1/2 and the model considered in [10] . These considerations enforce the motivations for analysing the dynamics of the cosmological perturbations arising from the quintessence interacting models studied here and in Part I.
Considering Model B, it was found that a global accelerated attractor always appears in the phase space, irrespective of the values of the model parameters. This implies that for this particular coupling late time dark energy domination is always attained. Interestingly one of this attractor (Point E + ), although mimicking a cosmological constant behaviour, is completely dominated by the scalar field kinetic energy, showing that within Model B late time acceleration can also be achieved without a self-interacting (and thus massless) scalar field. Moreover for some choices of the parameters a scaling solution attracting all the early time trajectories (the ones on the z = 0 plane) is present in the phase space; see Point B in Fig. 5 . This saddle point forces the early universe to reach matter domination before switching to the late time accelerated behaviour. Thus for all physically possible initial conditions (for which z ≃ 0, i.e. H ≫ H 0 ) a transition from dark matter to dark energy is attained at late times, solving in this manner any fine tuning issue. Although the presence of a scalar field at early times is expected to be strongly constrained by observations [13] , the results obtained within Model B are promising and should merit further consideration.
To better expose the dark energy to dark matter transition at late times, we consider the behaviour of the effective equation of state for particular trajectories within the phase space of Model B and compare its qualitative properties. For this purpose, we look at the dynamical evolution of w eff for different choices of the parameters of Model B; see Fig. 6 . We see that in this model we always find physical trajectories starting with the usual scalar field kinetic energy dominated epoch and then evolving through a matter dominated phase, after which they approach the late time dark energy dominated attractor. Note that in this case there is the possibility of dynamically crossing the phantom barrier, after which the effective equation of state approaches w eff = −1 from below; see the left panel of Fig. 6 . However, this behaviour is parameter dependent. For instance, when choosing ξ = −1 the value w eff = −1 is approached from above. Note also that a non linear transition from matter to dark energy domination can be obtained, as shown again in the left panel of Fig. 6 . All this shows the interesting phenomenology present in Model B and suggests further investigations with other similar models.
Finally we briefly comments on the appearance of a "fifth" force f µ acting on the matter fluid due to the interaction with the scalar field. From Eq. (44) (or equivalently from Eq. (45)) it is possible to derive the geodesic equation for the fluid which reads
where p int is defined in Eq. (21). Note that this fifth force is orthogonal to the fluid flow, f µ U µ = 0, in agreement with the relativistic definition of 4-force. The presence of a non vanishing force on the right hand side of the geodesic equation, even for a dust fluid (p = 0), implies that in general the motion of matter particles will be non geodesic and that the equivalence principle will be violated. If the scalar field interacts with baryonic matter, then Solar System experiments set strong constraints on the magnitude of this fifth force [14] , which must then be somehow negligible at small scales. However since it depends on local quantities such as the scalar field, the particle number density (or energy density) and the entropy density, a screening mechanism, similar to the well known chameleon mechanism [15] , could be at play. The interesting and original feature of the non geodesic force (71) is that it also depends on the fluid 4-velocity U µ . This suggests the possibility of finding new screening mechanisms for the scalar field which hide its effects wherever the matter velocities are relativistically small, such as in the Solar System. Note that this cannot be achieved neither with the usual chameleon theories nor with the algebraic couplings of Part I, since in that cases the resulting fifth force does not depend on the fluid 4-velocity. Unfortunately the resulting analysis at small scales is complicated by this dependence on the matter velocities and cannot be easily performed following the original chameleon work, as it has been done for the algebraic couplings in Part I. The study of these new screening mechanisms depending on the matter fields velocities, as well as their phenomenological effects, falls well beyond the scope of the present paper and will be left for future considerations.
In conclusion the variational approach outlined in this work is very powerful because it always allows us to arrive at covariant theories where the background and the perturbations can be studied consistently. It can also represent the starting point for more radical interactions between a scalar field and a matter fluid. For instance, one could attempt to identity the scalar field φ with either of the two Lagrange multipliers ϕ or θ. In particular the first one would allow for fluid's particle creation/annihilation, while the second one would correspond to the scalar field affecting the entropy of the system. Clearly, there is a large number of possible realisations whose consequences and applications could be studied in the future using different techniques, such as dynamical systems and perturbations. The investigation of cosmological perturbations constitutes the next logical step for further understanding the physics of these models and to better compare them against observations.
